We consider weak solutions of the 2-D incompressible Euler equations with compactly supported initial vorticities in L p , 1 p 2 or bounded measures in H ?1 loc , which are limits of exact solutions obtained by smoothing out initial data. For these solutions we obtain a priori estimates on the evolution of the mass of vorticity and on the measure of the support of vorticity outside a ball of radius R. In the case of non-negative vorticities, we obtain results that extend, in a natural way, the cubic-root growth of the diameter of the support of vorticity proved rst by C.
Introduction
The main object of this work is the behavior of weak solutions of the 2-D Euler equations, modelling the ow of incompressible, inviscid ideal uids in two space dimensions. We will be concerned with ows of uids that are assumed to fully occupy the 2-D Euclidean plane, with velocity vanishing 
The velocity can be eliminated from the vorticity equation by means of the Biot-Savart law:
u(x; t) = (K !( ; t))(x) 1 The usual strategy to obtain existence of weak solutions to the problem (1) is to consider a suitable approximate problem, for which existence of solutions is known, and then to obtain enough estimates to pass to the limit in the weak form of the equations. The standard approximation schemes used in the literature are: smoothing out initial data, the vanishing viscosity limit of the Navier-Stokes equations and desingularized vortex methods. In this work we are speci cally concerned with weak solutions obtained by exactly solving (1) with smoothed-out initial data. If the initial vorticity ! 0 is a function in L p (R 2 ), 1 < p < 1, with compact support, the existence of a weak solution obtained as the weak limit of a sequence of approximate solutions (produced by mollifying initial data) was rst proved by R. DiPerna and A. Majda, we will refer to initial vorticities in BM(R 2 )\H ?1 loc (R 2 ) as vortex sheet initial data, which we will abbreviate with the acronym VSID. If the initial vorticity is bounded then both existence and uniqueness of weak solutions were obtained by V. Yudovich in 11] .
Little is known regarding the qualitative behavior of weak solutions of (1) . The general problem we will focus on is: how fast can a uid particle be displaced from its initial position and how is this displacement a ected by the regularity of the subjacent ow? If the initial vorticity lies in the spaces L p c (R 2 ) (the space of compactly supported functions in L p ), p > 2, it is wellknown that the corresponding velocity eld is bounded a priori. This means that the trajectory of almost all uid particles is contained in a space-time cone centered at their initial positions, and with aperture bounded by global conserved quantities of the ow. Since vorticity is constant along particle trajectories, this implies that the support of vorticity remains compact, and its diameter grows at most linearly in time. For non-negative bounded vorticities C. Marchioro, 8] , showed that the growth of the displacement from the initial position is at most of the order of the cubic-root of time, so that the space-time cone above can be substituted by a space-time cubic parabola. This result captures the trend that ows with single-signed vorticity have of rotating, rather than spreading particles. The result was extended by two of the authors in 7] to non-negative initial vorticities in L p c (R 2 ), p > 2. However, the estimate on the aperture of the cubic parabola obtained is lost when p ! 2 + .
If the initial vorticity is in L p c (R 2 ), 1 < p 2, or in BM c (R 2 ) \ H ?1 loc (R 2 ), it is not known whether the ow preserves the compactness of the support of vorticity. This problem was the initial motivation for the present work. The results we obtain here address the rate of dispersion of vorticity (or, equivalently, of material domains) in time. We will prove that the pictures obtained for more regular ows, i.e. linear cones in space-time for general vorticities and cubic parabolas for non-negative vorticities, remain substantially true for even the most irregular cases. More precisely, we will show that, given any initial disk in the plane, and any " > 0 there exists an aperture for a space-time cone (and for a cubic parabola in the case of non-negative vorticity) for which the set of particles in the initial disk whose trajectories leave the cone (respectively, the cubic parabola) has Lebesgue measure less than ".
The remainder of this paper is organized in two sections, the rst on ows without sign restriction on the vorticity and the second on ows with nonnegative vorticity. In the rst one, we obtain estimates resembling Chebyshev inequalities for the Lagrangian maps, that are applicable to any linear transport equation with a divergence-free velocity eld bounded in L q (R 2 ). Hence, these results can be better understood in the context of the transport theory by vector elds with Sobolev space regularity due to R. DiPerna and P. L. Lions 3] . In the speci c context of the 2-D vorticity equation, we also obtain a result of the same nature in the physically relevant situation where the velocity is only L 2 loc (R 2 ). The second section begins with a simpli ed proof of an exponential decay estimate on the mass of vorticity near in nity, due to C. Marchioro (this is the heart of the proof of Theorem 2.1 in 8]). We apply Marchioro's result and the Chebyshev inequalities obtained in the rst section to get results on the smallness of the mass and of the Lebesgue measure of the support of vorticity outside a suitable cubic parabola. All our results are proved for a smooth approximate solution sequence generated by regularizing initial data, with estimates independent of the regularization parameter and hence are in the nature of a priori estimates, valid for any weak solution obtained in this manner.
Some 
Chebyshev inequalities
We begin with a result which applies to a general ow by a divergence-free, time dependent vector eld u. Consider a bounded, divergence-free, smooth vector eld u : R n 0; T] ! R n .
Let X = X( ; t) denote an orbit associated to the ow by u:
dX dt = u(X; t); 0 < t < T X( ; 0) = 2 R n : We use X(D; t) fX( ; t) j 2 Dg to denote the ow of a set D R n under the vector eld u. We often refer to the family of di eomorphisms 7 ! X( ; t) as Lagrangian maps.
The rst result of this section will be referred to as the ltering theorem.
Theorem 1 Let 0 < R 1 < R 2 and de ne the annulus A = fx 2 R n j R 1 < jxj < R 2 g, (R 1 ; R 2 ; t) f 2 B(0; R 1 ) j jX( ; t)j > R 2 g and let q 1. 
By the continuity of the trajectories X( ; ), each of these numbers jX( ; b i )j and jX( ; a i )j are either R 1 or R 2 . The curve s 7 ! X( ; s) has nite total length, and hence the summation above has a nite number of nonzero terms, which correspond precisely to the time intervals during which the curve completely traverses the annulus. Since jX( ; 0)j = j j < R 1 and jX( ; t)j > R 2 ,
as we wanted.
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Hence, in view of (2),
On the other hand, we also have:
Putting together the identity (3) and the inequality above we obtain the estimate we wished.
This result can be understood in the context of the linear transport theory developed by DiPerna and Lions in 3]. What we achieve is control over the local transport in terms of weak local control over the transporting vector elds, that can be applied in situations where the ow is very singular. A theorem of this nature can also be proved for vector elds with bounded divergence, which is the context of 3]. However, in this work we are interested in the incompressible situation.
In 3], DiPerna and Lions observed that, if the vector eld u 2 L q (R n ) \ W 1;1 loc (R n ), with div u 2 L 1 (R n ), then the Lagrangian maps are L q loc (R n ). In that case, it follows from the Chebyshev inequality that: jf 2 B(0; R 1 ) j jX( ; t)j > R 2 gj jf 2 B(0; R 1 ) j jX( ; t) ? j > R 2 ? R 1 gj kX
where the last inequality was deduced from the Generalized Minkowski Inequality, see 9]. The estimate in Theorem 1 is a generalization of this conclusion, mainly because our estimate is local, in the sense that it only depends on the L q norm of u in the annulus A, and not on a global L q estimate.
In the next result we single out a special case of the ltering theorem, which is more in the nature of a Chebyshev inequality for the Lagrangian maps, and which will be useful in the applications to 2-D incompressible ow. Proof: Since jX(S 0 ; t) \ B(0; R) c j = jfX( ; t) j 2 S 0 and jX( ; t)j > Rgj;
we have, by incompressibility, that this is equal to:
jf 2 S 0 j jX( ; t)j > Rgj j (R 0 ; R; t)j;
and the result follows from Theorem 1. This estimate applies to incompressible ows of ideal uids in a number of instances. First, the case q = 2 applies to n-dimensional incompressible ows, as long as the ow exists and the initial data has globally bounded kinetic energy. In the remainder of this article we will develop applications to 2-dimensional Euler ows.
For any 1 p 1, the L p -norm of vorticity is a conserved quantity as long as the ow is smooth. We rst assume that ! 0 2 L p c , and we are interested in the cases 1 < p 2. Our concern is the propagation of the support of vorticity, which is a material domain. In order to apply Corollary 1, we need to know the appropriate a priori estimate for velocity. This is given in the next result. The Riesz transforms R i are bounded in L q (R n ), for any 1 < q < 1 with the operator norm continuous with respect to q, blowing up as q ! 1, see 9] . By the Hardy-Littlewood-Sobolev theorem, the Riesz potential I 1 maps L p (R n ) continuously into L p (R n ). Hence, the Proposition is proved, except for the asymptotic behavior as p ! 2 of the operator norm of I 1 .
To prove the asymptotic estimate, we begin by following the proof of as we wanted.
The estimate for the critical case p = 2 obtained above can be understood as a Trudinger-Moser inequality for the Lagrangian maps. The proof we presented is a variation on the standard proofs in this context.
If the initial vorticity has compact support and it belongs to L 1 (R 2 ) or it is a bounded Radon measure in H ?1 loc (R 2 ), that is, VSID, then the associated velocity belongs to L 2 loc (R 2 ) for each xed time. It is well-known that velocity belongs to L 2 (R 2 ) only if the vorticity has vanishing integral over all of R 2 . Consequently, for initial vorticities of compact support in L 1 (R 2 ) or VSID, with integral zero, we also have an estimate of the form:
However, ows with locally bounded kinetic energy are of physical interest. Furthermore, the only rigorous existence result for weak solutions with VSID requires that the initial vorticities have a distinguished sign. We can still prove an estimate for the Lebesgue measure of the support of vorticity lying outside a ball of radius R in this setting. There is one essential di erence between this result and that of Corollary 2, which is the exponential growth of the constant C in T, whereas the constant in Corollary 2 did not depend on T.
For ows with no restrictions on the sign of vorticity, there is a wellknown trend for paired eddies with vorticities of opposite sign to move o to in nity with constant speed. Since more than one such pair of eddies may be present in a given ow, with di erent average speeds, one expects that in some situations the diameter of the support of vorticity may grow linearly in time. We o er an explicit example from vortex dynamics to illustrate this behavior.
We consider the point-vortex evolution of four vortices, with initial con- quadrupole. The evolution preserves the quadrupole structure, and is determined by a 2 2 system of ordinary di erential equations for (a(t); b(t)), which is the position of the point vortex in the rst quadrant (in fact, by the re exion method, the evolution of a vortex quadrupole is precisely the evolution of a single vortex in the rst quadrant, regarded as a domain with boundary). This 2 2 system is explicitly integrable, and the solution is given by the formulas: From these formulas it can be seen that the diameter of the support of vorticity grows linearly in time.
Flows with vorticity of distinguished sign
In this section we will concentrate on 2-D ows with non-negative vorticity. Our objective is to derive results for ows with a priori unbounded velocity Our results rely heavily on an exponential decay estimate on the mass of vorticity far from the center of motion. Although originally proved for ows with bounded vorticities in 8], this estimate actually applies, with negligible changes in the original proof, to very singular vorticities such as weak solutions of (1) with VSID, obtained as limits of approximate solution sequences generated by regularizing initial data. This exponential decay estimate was derived by C. Marchioro in the course of proving Theorem 2.1 in 8] and has never been stated as an independent result. We will do so here and we will o er a simpli ed proof, in part for the sake of completeness, in which we avoid the use of dyadic decompositions. We note that an even simpler and more elegant proof of Marchioro's exponential decay estimate has been derived independently by D. Iftimie and T. Sideris, 6].
We begin with an elementary technical lemma, and then proceed to Marchioro's result. C n t n (n!) 3 C n t n e n n 3n Ct n 3 n Ct (R ? R 0 ) 3 
! n :
Sincem t (R) m t (R + R 0 ), the conclusion follows.
The result above o ers no control on the mass of vorticity contained in the annulus fR 0 jxj 2R 0 g. The proof could be modi ed, by suitably changing the de nition of W, so that this absence of control would occur only on the annulus fR 0 jxj R 0 + "g, with " arbitrary. However, the constant C would blow-up as " ! 0. To obtain uniform control over the mass of vorticity outside a ball of radius R 0 + ", we need to use the Chebyshev-type inequalities proved in the rst section.
The following results are extensions of the statement of Theorem 2.1 in 8] to much more singular ows. We will continue using the notation m t (R), as in (4). For ! 0 a non-negative, compactly supported bounded measure in H ?1 loc (R 2 ), we cannot prove a result of this nature. Theorem 3 remains valid in this situation, enabling the choice of b 2 . However, we have no tools to choose b 1 , i.e. to estimate the mass of vorticity outside B(0; R), with R close to R 0 . Proposition 3 cannot be used since, by the Dunford-Pettis Theorem, regularizing ! 0 does not produce a uniformly integrable sequence. The best result we can obtain along these lines retains the asymptotic behavior as t ! 1.
It is a trivial consequence of Theorem 3 that, for every > 0, there exists b > 0 such that m t (2R 0 + (bt) 1=3 ) < : In a sense, the results above, controlling the dispersion of the mass of vorticity, are unsatisfactory. We set out to study how much the uid particles can get displaced by irregular uid ow, and the control on the dispersion of the mass of vorticity, at rst glance, does not give information in that respect. The next two results address more precisely this issue, demonstrating that the control on the dispersion of the mass of vorticity achieved so far, plus the techniques and results of the rst section, do indeed control the dispersion of material domains in general. We cast the results in terms of the measure of the set of vorticity-bearing particles ung far from their initial positions by the ow, a very particular material domain, but this restriction is not essential. We prove two results, one showing precisely how the control on the dispersion of the mass of vorticity implies control on particle trajectories and the second one, giving a less precise, but more elegant description, in which we bring out explicitly the cubic parabola behavior of the dispersion discovered by Marchioro. Theorem 4 Let ! 0 be a non-negative smooth function, with support contained in B(0; R 0 ). Suppose that k! 0 k L 1 (R 2 ) K. Then there exist C 1 = C 1 (K; R 0 ) > 0 and C 2 = C 2 (K; R 0 ) > 0 such that, if R > 2R 0 and 0 < t < C 2 R 3 then: jsupp !( ; t) \ B(0; R) c j C 1 tR 3 C 2 R 3 ? t m t (R=4): Proof: Fix R > 2R 0 and t > 0. Let (R=2; R; t) f 2 B(0; R=2)jjX( ; t)j > Rg, which we abbreviate R . Then, jsupp !( ; t) \ B(0; R) c j j R j.
We intend to estimate the velocity in the annulus A R fR=2 < jxj < Rg. where the latter inequality follows from the same reasoning as in (5)- (6), with C = C(K; R 0 ) and the former inequality is a consequence of (2). On the other hand, using H older's inequality we have: since the integral of jxj ?1 on any set of measure 3 R 2 =4 is bounded by p 3 R. Taking C 2 = (2C) ?1 , C 1 = e C=C, and assuming that t < C 2 R 3 we obtain the desired conclusion. This is accomplished using Theorems 4 and 3, as we shall describe below. Denote R(t) = 8R 0 + (b 2 t) 1=3 , for some b 2 to be determined. First we choose b 2 large enough so as to guarantee that, for some C 3 > 0, we have t < t + C 3 < C 2 (R(t)) 3 , where C 2 comes from Theorem 4. Next, we invoke the estimate on m t (R(t)=4), given by Theorem 3, together with Theorem 4. After a number of straightforward estimates, we observe it is enough to nd b 2 large enough, so that: for certain constants C 4 , C 5 and C 6 . Then it is enough to note that, if b 2 is large enough, the left-hand side of the inequality above is monotone decreasing as a function of t, and its value at t = 1 converges to zero as This concludes the proof.
One natural question at this point is how close these estimates are to being optimal. In this respect, we do not have anything to add to the comments made by Marchioro in 8], and we refer the reader to the discussion contained there. We are left with no answer to the question we started with, whether the support of vorticity remains compact as time evolves. We can only say that the knowledge developed here does not appear to be enough to answer this question.
